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Abstract

We extend Davenport’s inequality to general elliptic curves over C(¢) written in
Weierstrass forms. The obtained result is an effective version of a result by Voloch,
and also improves a bound given by Hindry-Silverman. The method depends on
an explicit calculation of the Cech cohomology of sheaves of differentials on an
elliptic surface.
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1 Introduction

Let a,b € CJt] be polynomials. The Weierstrass equation y? = 4x3 — 3ax + b defines
an elliptic curve E/C(¢), and for a place v of C(¢), we can give lower bounds of the
valuation v(r) for every rational points (x = r,y = 5) € E(C(t)).

The existence of such a lower bound is proved by Manin[13, Theorem 4]:

Proposition 1 (Manin). Let C be an algebraic curve over C, let K = k(C) be its func-
tion field, and let E : y*> = 4x> —3ax+b (a,b € K) be an elliptic curve over K. Fix
a p € C, then there exists an integer C,), , such that for all (r,s) € E(K) one has
vp(r) > Cupp-

As pointed out by Manin[13, §11], Proposition 1 is a strong statement which easily
implies Siegel’s theorem on the finiteness of integral points on an affine elliptic curve
defined over a function field. In 1994, Voloch[22] noted that the following lemma
together with the Mordell-Weil theorem gives a short proof of Proposition 1 (also cf.
[18, Chap.III §12]).

Lemma 1. Using the notation from Proposition 1, put E; = {(r,s) € E(K);v,(r) <
—2i}. Then E; is a subgroup of E(C), E; D Ej+1, and E;/Ei11 is torsion-free.

However, Voloch’s proof is not effective; we can ask for an explicit lower bound of
vp(r) and a nontrivial upper bound of rank E;.

We restrict to the case C = P(lc. Without losing genericity, we only consider the
valuation v., att = oo, And to be more intuitive, we will use the notation ‘deg’ to denote



—Veo, this is the degree of a polynomial, and for f = P/Q where P, Q are polynomials,
deg f is equal to deg P — deg Q.

Then we can state the questions as:
Question 1. Let E /C(t) be an elliptic curve defined by y* = 4x* —3ax+b (a,b € C(t)).

Give an upper bound of %degr for every (r,s) € E(C(¢)), using only the coefficients
a,b in the Weierstrass equation.

Question 2. Give an upper bound of rank E; where E; = {(r,s) € E(C(t)); 5 degr > i}.
The main theorem of this paper will give an answer for these two questions.

As for Question 1, some results are known for integral points (r,s) € E(C(t)) where
r,s € C[t]. The first one is Davenport’s inequality[2] in 1965:

Proposition 2 (Davenport). Let f,g € C[t] be polynomials and > —g> # 0. Then
sdegf <deg(f’—g%) L.

Viewed as a proposition on elliptic curves over C(¢), Proposition 2 states
1
Edegrgdegh—l (1)

for any (r,s) € E(C(t)) where r,s € Clt] and E : y> = x> + h (0 # h € C[t]).

Stothers[20] gave a characterization of the polynomials which satisfy the equality,
namely if %degf =deg(f> —g%) — 1, then f3/(f> — g?) is a Belyi function (also cf.
[9, §2.5]). And the story has been generalized by Zannier[23].

The same method used in their proof (i.e. the Riemann-Hurwitz) also can be used to
give bounds for solutions of unit equations, and has been applied to general hyperellip-
tic curves over function fields by Mason[14], Schmidt[17], and Hindry-Silverman [8].
Restricted to the case of elliptic curves over C(z), [8, Proposition 8.2] can be rephrased
as:

Proposition 3 (Hindry-Silverman). Let E : y> = 4x® — 3ax -+ b be an elliptic curve over
C(t) where a,b € C[t] and A := a® — b* is nonzero. Then for any (r,s) € E(C(t)) where
r,s € C[t,A™"], we have DEG(s*/A) < 24(No(A) —1).

Here No(A) denotes the number of distinct zeros of A. For a rational function f,
DEG(f) is regarded as the degree of the field extension [C(¢) : C(f)], i.e. the degree of
the map to PL. defined by f. So obviously deg f < DEG(f).

Proposition 3 immediately implies that

1 1
—degr <2Ny(A) — 2+ — degA 2
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for any (r,s) € E(C(t)) where r,s € C[t,A™"] and E : y* = 4x> —3ax+b (a,b € C[t]).
To state the main theorem of this paper, we use the following notations:

Notation 1. Let the elliptic curve E /C[t] be defined by a Weierstrass equation y* =
4x* —3ax+b (a,b € C[t]).

e Let n be the least integer such that dega < 4n,degb < 6n.



o PutA=a} — b2, A=2ba—3bd, d = NP _ 12 34(a')2,

Put P, = AA, P = AA— AN, Py = 5(A"A—A'N +@A).

For g,h € C(t), put p(g,h) = AAW' — AN h+ SN Ah— 6(Pog” + Pig’ + Pog).

For P,Q € C[t], let | P/Q] and (P MOD Q) be the polynomials such that P =
|P/Q]Q+ P MOD Q and deg(P MOD Q) < degQ.

e Put B={p(p,q) MOD A?;p,q € C[]}.
And we make the following assumptions:

e Assume the equation is minimal, i.e. there is no nonconstant polynomial / such
that « is divisible by /* and b is divisible by I°.

e Assume A # 0. This is to say that the J-invariant of E is nonconstant.
Now the main theorem states:

Theorem 1. Using Notation 1, we have:

1. Put ¢ = min{deg ;B € B, # 0}. Then for any (r,s) € E(C(t)),

1
Edegr < deg(AA)—c—2 3)

2. Put E; = {(r;s) € E(C(t)); s degr > i}. Then:
(a) Forc < j<2degA—1,
rank Egeo(ap)—j—2 < dime{f € B;deg B < j}.
(b) For2degA+n—2<k,
rank Egeg(ap)—k—2 < dime B+k — (2degA+n—2).

Example 1. Consider a ‘general case’, where degA = 12n and ged(A,A’) = 1. That
is to say, all singular fibers of E is of type I; and the oo-fiber is not singular. In this
case, formula (2) gives an inequality %degr < 25n—2, while (3) implies an inequality
%degr <22n—4,since ¢ > 0 and deg A < 10n—2. So ‘in general’ (3) will give a better
inequality than (2).

Example 2. Consider a special case where a is a constant. Then we can verify that
p(p.q) MOD A> = Af'— A'f where f = (—3A’p — 6p'A+gA) MOD A. So

1. ¢ =degA+degged(A,A') —1 and for any (r,s) € E(C(z)),
1
5degrgNo(A)—l. (€))

2. We have:



(a) For 0 <i<degA—degged(A,A"), rank Ey(a)—; < i.
(b) For j > degA —degged(A,A"), rank Eyj(p)—p—j < j-

Example 3. Consider the equation E : y* = 4x> + 108x + 81¢2. It has a solution (x =
1%+ 612,y = 217 + 18t 4-27¢) which shows that the inequality (4) is tight.

Note that the form of the inequality (4) coincides with Davenport’s inequality (1) if
we set a = 0. And Example 3 shows that this is also a tight inequality as Davenport’s
inequality is. It may be interesting to ask that if there is a brief characterization of those
examples which satisfy the equality, like the characterization done by Stothers?

The method used by Hindry-Silverman originates from Siegel’s reduction, which
reduces the problem of integral points of elliptic curves to the problem of solutions
of unit equations. It applies to integral points only. Our approach however is near to
Manin’s method using Gauss-Manin connection and Manin’s map. We will see that
the inequality (3) comes from the estimation of the degrees of the polynomials in the
image of a C-linear map H,;,, (E ,Q;?) ®HOE ,Q%) — CJ[t], whose restriction on the
Mordell-Weil lattice[19] MWL C H;rim(g ,Q}E) coincides with Manin’s map MWL —
C[t]. So, if in some situation we can get a even better inequality than (3), it will also
give some nontrivial restrictions on how the Mordell-Weil lattice can be emmbedded
into Hllm»m (E, Q%)

In order to illustrate the idea of the proof, it may be helpful to give here some
investigation on the much simpler equation E : y?> = x> + 1 (0 # h € C[t]). I would like
to begin with an extremely simple proof of Davenport’s inequality:

Proof of Proposition 2. For any s(t)? = r(t)? + h(t), we have

hr' — %h/r (s> =) — %h’r

s s
_ s2r — %r(3r2r/+h/) )
s
=sr' —Zrs
3

Now assume degr > %degh, then deg(hr’ — %h’r) = degr+degh—1 and degs =
%deg r. The left hand side of the above equality has a degree degh — 1 — %deg r, and
the right hand side is a polynomial so has a degree > 0. Hence degh — 1 — %degr >0
or%degrgdeghfl. O
The interpretation is that the magical expression s Ll in (5) comes out from
Manin’s map and has a cohomological meaning. We can calculate

d dx 1 HWdx

ot /X3 +h(t) T2 (x3 +h)%

and 1 d 3 d
A=) = —5 =t Sh
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thus for any (r(¢),s(t)) € E(C(t)) of E : y?> = x> 4+ h we have

J 1, ) dx r ,
(hEJrgh)L @ hs+/h +- h

r X
oy [Ta Lt ©)
s+/ ( 3 y)
roo1r
=h——-W-
s 3 s

which is the content of expression (5). We know (h% + 1h’ ) [ d" is an entire function
divisible by ged(h,/’), and at the same time also a ratlonal functlon, so it must be a
polynomial of degree> deggcd(h,h’). This way we get a slightly stronger version of
Davenport’s inequality:

Proposition 4. Let E : y> = x> + h be given by a minimal equation. Then for any
(r,s) € E(C(t)) we have 1 degr < No(h) — 1.

Proof. Since the equation is minimal we have %degh < No(h) — 1. Then the same
argument as in the proof of Proposition 2, comparing the degree of the two sides of (6)
instead of (5), gives the statement. O

Now regard E : y> = x> + h(t) as a smooth proper elliptic fibration over the affine
curve A = Spec(C[t,h_l], denote the O-section of E by o, the normal bundle of o by
A . The J-invariant of E is constant, so .4 is in fact a locally constant line bun-
dle, we denote the associated locally constant sheaf by C 4. The relative 1-form

% can be viewed as a nonvanishing section of the dual bundle of .4, so its dual

(%)* is a nonvanishing section of .#". Then it is not hard to realize that the ex-
pression {(h% +h) [L ‘b‘}dt(dx) for a section s = (r,s) € E(C(¢)) represents an
element in the cohomology group H'(A4,,C_4) corresponding to s —o. (Here A, is

the associated complex analytic space of A.) Elements corresponding to some s — o

form a lattice of a subspace of H'(A4,,C_4), on the other hand (ha% +eh) L % is
a polynomial divisible by gcd(h, /'), and the vector space of such polynomials whose

degree< deg(ged(h, i) +i— 1 only has a C-dimension i, so we conclude:

Proposition 5. Let E : y* = x> + h be given by a minimal equation. Then put E; =
{(r,s) € E((C(t));%degr > No(h) —i} we have rank E; < 2i.

To extend the above story to general elliptic curves over C(¢), we should use a
differential operator of order 2 instead of the operator (h% + éh' ), since the J-invariant
is no longer constant. The proof of the main theorem follows the steps:

1. Find the differential operator P which annihilates the relative 1-form %

2. For (r,s) € E(C(t)), calculate the degree of P [, d".



3. Find a cohomological interpretation of the expression P | %

4. Explicitly calculate the cohomology of E.

Step 1 and 2 are elementary calculus. We will relate the expression P [ % to the

algebraic de Rham cohomology of E viewed as an elliptic surface, and deal with it via
an explicit calculation of the Cech cohomology of sheaves of differentials.

It seems to me that the method using explicit calculation of Cech cohomology is
not yet widely used, so the article also intends to be a summary and introduction to
such calculations. It may be thought as difficult when dealing with Cech cohomology,
that the localization Ay of a ring A along f is generally not finitely generated as an A-
module. We avoid this problem by connecting the Cech complex to a finitely generated
complex via a bicomplex. This idea is near the one called “eyeballing” in [4], however
the main concern of [4] is on the computation of the @, H’(Cpr (n))-module structure
of @, H'(.Z (n)) for a coherent sheaf .% on P”, explicit computation of Cech cohomol-
ogy is not considered there. On the other hand it is noted in [16] that localization is
finitely generated when viewed as a D-module, so we can deal with it using grobner
basis for Weyl algebras. Some difficulty coming from the non-commutativity should
be overcome, and an algorithm to calculate the de Rham cohomology of the comple-
ment of an affine variety is given in [16]. The methods used in this paper however take
another approach.

The paper is organized into 7 sections. In §2 we will briefly review the formaliza-
tion of Gauss-Manin connection and Manin’s map, then step 1 and step 2 mentioned
above will be done. In §3 we will discuss the relationship between Manin’s map and
the algebraic de Rham cohomology, which forms the very essence of this paper. In
84 we prove the main theorem, leaving a calculation result on the algebraic de Rham
cohomology of the elliptic surface unproved, and this key lemma will be proved in
§7, after some generic consideration in §5 on how the Cech cohomology of a coherent
sheaf of a projective scheme can be calculated, and in §6 how the free resolutions of
the sheaves of differentials of a hypersurface can be constructed. In §7 we do the actual
calculation, which completes the proof and also serves as an example of §5 and §6.

2 Gauss-Manin connection and Manin’s map

In this section, we will reveal that the polynomials P, P;,Fy in Notation 1 are coef-
ficients of the Picard-Fuchs equation of the elliptic curve E/C(z). Then we note the
important fact that in almost cases, for a section s = (r,5) € E(C(t)), the degree of
Manin’s map deg (t(s) is related to degr by deg p(s) = —% degr+deg(AA) —2.

We begin with a review on Gauss-Manin connection and Manin’s map, follow-
ing the formalization in [13]. Let K be a function field over C and endowed with a
derivation d (In our case, K = C(¢) and d = a%), L a function field over K (In our case
L = K(x,y),y* = 4x> — 3ax + b) and for simplicity assume that L/K is of transcen-
dence degree 1. Furthermore assume that there exists a K-rational point on the curve
L/K. Choose a transcendence base x € L (In our case we choose x € K(x,y)). Denote
by d; the unique derivation of L which extends o and satisfies dx = 0. Let Q; x be
the L-module of relative 1-forms. Then J acts on ; /x by Ji(udx) = (dyu)dx. Let



B,Z C Qp g be the K-subspace of exact and closed forms, respectively. Since we have
assumed that L/K is of transcendence degree 1, in this case we have Z = Q, /x and
B =d(L). Then the induced action of dy on Z/B turns out to be independent of the
choice of the transcendence base x. Thus Z/B can be viewed as a K[d]-module, the
action of d is called the Gauss-Manin connection.

Let (oi,...,®,) be a K-basis of the relative 1-forms of the first kind of L/K (Here
g is the genus of L/K, and in our case g = 1). Denote by @; the classes of @; in Z/B.
A Picard-Fuchs equation &2 is any relation of the form

g
Z:Y) Pd; =0, P €K[d].
i=1

And if we choose a transcendence base x € L of L/K, &2 has a representation in the
form

8
Zpixwi =dzy, Py € K[ax]7zx €L
i=1

The set of all Picard-Fuchs equations is a submodule of the left K[d]-module K[J]®%,
thus is finitely generated. This module, up to isomorphism, obviously does not depend
on the choice of the K-basis (i, ..., ®,). In our case g = 1, the module of all Picard-
Fuchs equations is a left ideal of K[d], with respect to a chosen relative 1-form @ of
the first kind (In our case the relative 1-form % is chosen). Any left ideal of K[d] is
a principle ideal. When assuming that the J-invariant is not constant, this generator
should be an operator of order 2. So there should be no ambiguity, up to a multiple of
K, for us to indicate the Picard-Fuchs equation of order 2.

Now let x : V — C be amodel of L/K, and let 0 be a fixed K-rational point of V. For
any Picard-Fuchs equation &2 : ¥¥_| P.@; = 0 with respect to a K-basis (@, ..., ®,) of
the relative 1-forms of the first kind, Manin’s map |5 assign an element of K to every
K-rational point s of V, namely

g "5
s =Yk [ @
i=1 v o

which can be perfectly defined using only an algebraic language. In the g = 1 case, we
can omit the suffix & and always regard the Picard-Fuchs equation as the generator of
order 2. In this case choosing a transcendence base x of L/K and a relative 1-form udx
of the first kind, the Picard-Fuchs equation has a representation

(3f+a8x+b)udx=dw, abeK,wel

and we can choose w to be such that w,, the value of w at o, is 0. Then for any K-point
s we have
W(s) =ws +ausdxs + () svs + 9 (usdxs).

The main point of Manin’s map is that it transforms the rather intractable additions
of Abelian integrals in the Jacobian variety into additions of K. When considering
about its relation with cohomologies, at a first eye it seems that there is no reason



for us to take only relative 1-forms of the first kind. In fact we can take relative 1-
forms 1y, ..., N, of the second kind (i.e. meromorphic differentials with no residues)
such that (@,...,d,1,...,7,) forms a basis of H!(§,C) for generic fiber f of k.
Then the action of the Gauss-Manin connection d can be restricted to the K-subspace
W C Z/B generated by (@1,...,®,,M1,...,M,). So d(W) C W and there is a matrix A
with coefficients in K such that

(A e My B @) =M e A @ e @A,

A Picard-Fuchs equation is just a relation obtained from eliminating 7); in the above
system of relations of order 1, and the C-vector space W /d (W) has a natural map to
the cohomology group 1i_r>nUH Y(Uam,R" k. C), where U C C runs over all Zariski open
sets of the base curve C.

Nevertheless, as we will see in the next section, the effect of using a relative 1-
form of the first kind turns out to be clear, when considering with algebraic de Rham
cohomology. In the remaining of this section we will actually calculate the Picard-
Fuchs equation, Manin’s map and its degree.

Lemma 2. Using Notation 1, put K = C(t) and L = K(x,y). Let 0y be the extension of
% to L such that d.x =0, and letd : L — Q;, /K be the relative differential. Denote the
equivalence relation in Q; /i /d(L) by *=’. Then

d
(P90y + P,y +P0)7x ~0.

Proof. Put w = % Since d(3) = —3a’% + %b% - %% we have
d d
0= —6a"5 +3b%.
y y
Now

3, xdx lb,dx

ohw==d— —-b'—.
* 27 93 273
Put J d
xdx pdx
y
Then it is easy to see that
12A0,0 = An — AN o. ™
Using d(}%) = —18*12“ + %a% we have
x’dx 1 dx
2,
o4y
And using d(}%) = —9a’;’f’—5x + %b;’g - %% we have

xdx 1 dx 7 dx

Ty Ty



2 2
From d(;%) = —9axy§ix + %b’% - %% we get

xdx ) Py Sxds 1 ady S s

b— =22a——+ = —a .
¥ Yooy 2y 9y}
So
2dx 27 xdx 9 dx xdx dx
o = 276d 22 —9pp' + LV a2 S e T pad B
1 y ( 74 ) y o2y ¥ ¥
~ b’@ _ éaa’@
- 3 4 3
y y
Then we can check that
12A0,n 2 A'n —aA®. (8)
So the statement is proved by eliminating 1 from (7) and (8). O

It turns out that the operator P> % % + Py % + Py almost preserves the degree.

Lemma 3. Let g be a meromorphic function on a neighborhood of t = . Then in the
Jollowing cases deg(Pyg" + P1g’ + Pyg) < deg(AA) +degg —2:

o The oo-fiber of E is nonsingular and degg = —n

o The co-fiber of E is nonsingular and degg = —11n+degA+1

o The oo-fiber of E is of type I, (m > 1) and degg = —n
Otherwise we have deg(P,g" + P1g’' + Pog) = deg(AA) +degg — 2.

Proof. Denote the leading coefficients of A, A, g by ca,ca,cg, respectively. According
to the definition of P», P, Py, we will first reveal some relations among deg A, deg A and
deg®.

(i) From the identity a®>A = 2b'A — bA" and bA = 3d'A — aA’ we get

degA < degA—1+deghb—2dega
deg A < degA—1+dega—degh

Then eliminate dega and degb respectively, we get
1
degA <degA—1-— gdegb
1
degA <degA—1— Edega

Now by the definition of n we have either dega > 4n — 3 or degb > 6n — 5, any
case the inequalities above will imply

degA <degA—2n ©))

and the equality holds if and only if dega = 4n— 2, degh = 6n — 3 and deg A #
12n — 6. This is to say that the o-fiber is of type I, (m > 1). For the notation of
singular fiber types of elliptic fibrations, cf. [12] or [18, Chap.IV §8].



(i1) Using the definition ® = aA21—2(AA’)2’ by (9) we see that deg® < degA — 2, and if

deg(aA?) < 2deg(A’), then the coefficient of ® at degree deg A — 2 is simply

1 2
—E(degA) Ca-
On the otherhand we have deg(aA?) = 2deg(A’) in the following cases:

(a) dega =4n—2, degb = 6n— 3, degA # 12n — 6 and deg A = degA — 2n,
the oo-fiber is of type I} (m > 1):
In this case, from the identity

/

/
A2 =(2ZA-A)(3LA—A
aN? = (27 A-N)(35A-4),
we see that the coefficient of ® at degree degA —2 is

1
13 {(2degh —degA)(3dega—degA) - (degA)*}ea

1
:E{(IZn —6—degA)? — (degA)’}ea

(b) degA =degA—2n—1 and dega = 4n:
In this case degA # 12n since degA < 10n — 2. By bA = 3d’A —aA’ we
get degb = 6n. This is to say that the co-fiber is of type I, (m > 1). Now
similar to (a) we can calculate the coefficient of ® at degree deg A — 2 to be

1
(20— degA)? — (degA)?}cy.

(iii) From (ii) we see that deg Py < deg(AA) — 2, thus
deg(Pag” + Pig’' + Pog) < deg(AA) +degg —2.

And if deg(aA®) < 2deg(A') i.e. the coefficient of ® at degree degA — 2 is
—ﬁ(degA)ch, we can calculate the coeffient of P.g” + P g’ + Pyg at degree
deg(AA) +degg —2 to be

1 11
(degg+ T degA)(degg+ T deg A —deg A — 1)cacacy.
Otherwise,

(a) If the oo-fiber is of type I, (m > 1), the coeffient of P,g"” + Pig’ + Pyg at
degree degAA +degg —2 is

1
(degg+n— E)chcAcg.

(b) If the c-fiber is of type I, (m > 1), the coeffient of P,g" + P g’ + Pog at
degree degAA +degg —2 is

(degg +n)*cacacy.

10



So the possibilities for this coefficient to be 0 are listed in the statement. O
We can also similarly prove the following, which will be used later:

Lemma 4. Fix aw € C. For a function g meromorphic on a neighborhood of t = w,
denote the order of zeros of g at t = w by ord,, g. In the following cases we have
ord,,(P.g" + Pig’ + Pg) > ord,,(AA) +ord,, g — 2:

o The w-fiber of E is nonsingular and ord,, g =0

o The w-fiber of E is nonsingular and ord,, g = ord,, A+ 1

o The w-fiber of E is of type I, (m > 1) and ord,, g =0
Otherwise we have ord,,(P,g" + P1g' + Pyg) = ord,,(AA) +ord,, g — 2.

Proof. Totally parallel to the proof of Lemma 3. Notice that the Weierstrass equation
is minimal, so we have either ord,,a < 3 or ord,, » <5, and ord,, A > ord,,A—2. [J

Now by Lemma 2, we can take the Picard-Fuchs equation to be Pz% % + P % + Py
with respect to %. Then for s = (r,s) € E(K), Manin’s map is by definition

d d d 5 dx
=2 ipZym) [ Z
w(s) = ( 2505, TPt 0) .y
Proposition 6. For a section s = (r,s) € E(C(¢)), assume %degr > n. Then we have
degu(s) <2degA+n—2 if degA = 12n and %degr = lln—degA — 1, otherwise
degu(s) = — 1 degr+deg(AA) —2.

Proof. The co-model of E is Ew : y2 = 4x3, — 3deoXeo 4 boo Where
Yoo =172, Yoo =1y, oo =1 'a, bo = 17D,

For a section s = (r,s) € E(C(t)), if degr > n then s intersects the 0-section o at
t = oo with a multiplicity %degr — n, which means that we can choose a branch of the
multivalued function [, % holomorphic on a neighborhood of ¢ = oo which vanishes

so we can choose a branch of

at ¢ = oo of order Jdegr—n. Now [F & == % dxe
y Yoo

oy 0

I} 05 ‘i—f‘ of degree f% degr. Then apply Lemma 3 and we are done. 0

3 Algebraic de Rham cohomology

In this section we give a cohomological interpretation of Manin’s map. I would like
to give a brief description at the beginning, and then show the details. We use the
following notation:

Notation 2. Using Notation 1, and

e Let £ be the minimal proper regular model of E.

11



Denote by k: E — Pé: the elliptic fibration.

e PutA =SpecC[t,A '] and E5 = k'A.

Let § be the generic fiber of k.

Let s be a section, and let o be the 0-section.

Put H}

prim

product.

(E, Q}g) ={ccH'(E, QL);c.f =0}, where c.f denotes the intersection

Lemma 5. Im(H),,,

(E,QL) — H'(Ea,Qf,)) CIm(H' (Ep, k" Q}) — H' (Es, QF,))-

Proof. For any ¢ € H),;,, (E ,Q1), restrict ¢ to any fiber f C Ea of , then by defi-
nition we have 0 = c|; € H 1(f,£2%). This means that ¢ is 0 when viewed as an ele-
ment of HO(A,R! K*Q}SA/A), and thus is 0 in H' (EA,Q}SA/A). Then the exact sequence
H'(Ep, Q) — H'(Ep, Qp,) — H' (Ep, Qp, 1)

Q}EA A 0, implies the lemma. O

induced from 0 — K*Q}‘ — Q}:-A —

For any c € H!

b im(E ,QL), we take its correspondence & € H'(A,R'k.C ® Oy)
along the diagram:

Hl

prim

(E,Q})
|
H'(Ea, Q)
T ~
H'(Er,x*Q)) — H'AR')x'Q)) —  H'ARKC®Q))

H(A,R'.C® Oy) -dt

and define a map [ : H,

rim (

r Ol
E,QE) — C(r) by

flc)=P(a~ 8(0)+(P2% +P)(i - o)

where
< H(A,R'%.C® O4) x HY(A,R'k,C® 04) — H*(A,R*.C® Ox) = H(A, 0))
is the cup product and
d:H(A,R'x,C® 0,) — H*(A,R'k.C® Oy)

is the Gauss-Manin connection. This map is rather straightforward if we represent
it using the algebraic de Rham cohomology. We will prove that Manin’s map L (s)
coincides with fi(c(Opz(s —0))) where ¢(0j (s — 0)) is the Chern class of Oz (s — o).
Now to show the details, we begin with a review on the algebraic de Rham coho-
mology. Let X be a separated scheme, and let 4l = (U;);c; be an open affine covering
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of X, where I is a finite set endowed with a well-ordering. For any iy < ... <i, €1,

denote by U; the intersection U;, N...NU; , for a coherent sheaf .% on X, put

0--ip p’

CPuLF)= B F(Ui.i,)
ig<...<ip€l
and define a coboundary map & : C? — CP*! by setting
ptl

— k ~
i()"'ip+1 - kZO (_1) aio...ik...ip+1 |Ui0*--ip+l

(6a)

Then C (4,.%) forms a complex whose cohomology is called the Cech cohomology
and denoted by H'(X,.%). (cf. [7])

Now let X be a nonsingular variety over C. The algebraic de Rham cohomology is
the total cohomology of the following bicomplex <7 (X):

Cx,00%cx,Q)—.. —CX,Qh) - ..

Here C' (X, Q%) is the Cech complex for the sheaf Qi, and QY = Ox, Qf = \'Qy/c,
d is the exterior differential map. It is known that the algebraic de Rham cohomology
is isomorphic to the singular cohomology H'(X,C) (cf. [6], also [10]). When X is
projective, this fact can be easily shown by the GAGA principle and Hodge’s decom-
position of H'(X,C), via a filtration F'«7 D Flo7 O ... D Fle/ O ... of o called the
Hodge filtration defined by

Flo/ = (C(X,Qk) — C(X, Q) —...).

In particular when X is projective, the spectral sequence associated to the Hodge filtra-
tion degenerates at the E'-level.

For a smooth morphism k : X — Y of nonsingular varieties over C, fix an open
affine covering U = (V) je; of Y and an open covering i = (Uj;);er of X such that for
anyi€land jeJ,UN K1 V; is affine (U itself needs not to be affine, it can be taken
as 4 = {X} when x is an affine morphism, or as U; = {X; # 0} when K is projective
and factors through Proj Oy [Xo, ..., X;]). Denote by i4;;...;, the open affine covering of
K_IV,-O... j, Which is the restriction of 4l on K—lvjo....,-p, note that the total cohomology

of the following bicomplex € (X,.%) also gives the Cech cohomology H'(X,.7):

@C‘(ujovg)_)"'_’ @ C‘(ujomjpvg)_)'”

JjoeJ Jo<--<jp&J

And if we regard the Cech complex C' (X ,Qé() in the algebraic de Rham bicomplex
/(X) as this bicomplex € (X,Q%) (thus <7 (X) becomes a “tricomplex”), we will
have two filtrations of &/ (X), one is induced from a filtration of the Cech bicomplex
C (X, %):

G*6" (X, %) = ( @ C (Wjg-rjirx) — @ C (g jgars*) = )

Jo<..<jr&l Jo<--<jk+1€J
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and the other one is induced from a filtration of the sheaf Qi
L/Q = Im(x*Q) @ Q' — Qf).

Then the filtration '
T/ =) G'a/nle
k+I=i

induces a spectral sequence whose E! and E? terms are

E'=@® @ TV 9 eRkC),E*=DH (Y,Rk.C)

ikl jo<..<jrel ij

This is the Leray-Hirsch spectral sequence associated to the morphism K : X — Y.
When Y is affine and U = {Y'}, the differential d' : E! — E! can be viewed as the
Gauss-Manin connection. (cf. [11])

Now let X be a nonsingular variety over C, .Z an invertible sheaf over X, and
let k¥ : S — X be the geometric C*-bundle associated to .Z. The Chern class ¢(.%)
is by definition the image of 1 € H%(X,R'k,Z) under the map d* : H*(X,R'k.Z) —
H?(X,R%k,Z), where d” is the differential d* : E> — E? in the Leray-Hirsch spectral
sequence associated to k : S — X. Thus the Chern class can be calculated as an ele-
ment of the algebraic de Rham cohomology, using our description on the Leray-Hirsch
spectral sequence as above. When % is given by an open affine covering U = (V;) e/
of X and the transformation functions f;; € I'(V;;, 05 ), it can be verified that ¢(.Z)
is defined by an element in C'(0,Q}) as (L), = 35 (dfij/fij)- When we have
a divisor D on X, it is easy to construct the invertible sheaf Ox (D) associated to D,
then the Chern class ¢(Ox (D)) is the cohomology class corresponding to D under the
Poincaré duality.

I would like to rephrase the above general principles to fit the situation we are now
considering. We will focus on F!'Z2(Ex) and F'H3,(E), where Z2,(+) denotes the set
of dimension 2 cocycles in the algebraic de Rham bicomplex, H3g(-) the dimension 2
algebraic de Rham cohomology group, and F° > F! 5 F? is the Hodge filtration. For
an affine open covering 4l of E5, we write down the bicomplex here:

(U, Op,) ——

I [s
c'(y,op) —4— clwep) —4—
K I
WL —— Owa)
Notation 3. Suffix like ai- denotes a Cech i-cochain of differential Jj-forms.

Thus an element in F'Zjy(Ey) is pf +p3 € C'(4,Qf ) & CO(4, Q) such that
Sul =0and dul = 51l (and, of course trivially, dud = 0). We define an equivalence
relation in F!Z3,(En):
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Definition 1. For y1,v € F1Z3,(Ea), we write it ~ v if there exists an element o) €
CO(4,Qf, ) such that u — v = (8 +d)oy.

Recall that for nonsingular projective varieties, the spectral sequence associated to
the Hodge filtration degenerates at the E'-level, so it will be the same as the algebraic
de Rham cohomologue relation if we define a ‘~’ relation there. However for the
non-proper case E,, the equivalence ‘~’ is a relation stronger than algebraic de Rham
cohomologue. It will turn out to be important for us to rule out the influence from
C! (8, OF,).

The Gauss-Manin connection D : T'(A, 04 @ R'k,C) — I'(A,Q} ® R'k,C) is de-
scribed as follows: an element u € I'(A, 04 ® R'k,C) can be represented by /J(; + ,LL? €
Cl (U, Op,) & CO(4, QEA/A) such that Suj = 0 and du} = Su?, where Qg, /4 denotes
the sheaf of relative differential forms, and d is the relative differential. Thus, if
we lift uf to a iy € C°(4,Qy, ), the condition is to say that Sy = 0 and dug —
S0 € C(4,k*QL), here d denotes the total exterior differential. And of course
K*Q) ® Qp, /4 = QF,, so we define D to be (—dug + 8f)) + dfi}, here d are all
total differentials. Dy viewed as an element in ['(A, Q! ® R'k.C) does not depend on
the choice of fi{. Here I'(A, Q) ® R' k. C) is regarded as the quotient of C! (4, k*Q}) ®
COs, x* Q) ® Q};"A/A) by (8 +d)CO(4, k*Q}).

An element u € I'(A, Q) ® R'k,C) can be written as df A di, where @i € ['(A, 04 ®
R'k,C). Now if Du = dt A i, we will denote 7 by Dai,u. This map Dai T(A,04®

R'k,C) - T'(A, 04 @ R'k.C) is the Gauss-Manin connection, in the sense of §2, with
respect to the derivation %.

Take an affine open covering U = (V;);cs of E such that for each V; we have a ra-
tional function f; € K(E) with Zero(f;) NV; = 0NV; and Pole(f;) NV; = sNV;. Then
the Chern class ¢} = ¢(€pz(s—0)) can be represented as an algebraic de Rham co-
homology class by (CMVI-J- = zinidlog(fj/f,-). Now Lemma 5 says that there exists
awe CO(‘B,Q}EA) such that ¢} — 6v? € C1(T,x*Q}). We put u = ¢} — (8 +d)v).
Then u ~ ¢} and u can be viewed as an element in I'(4,Q} @ R'k,C). The element
i €T(A,04 ®R'k,.C) where u = dt A\ i is what we will use to describe Manin’s map
1(s).

We first want to find a v such that Dv = u. This cannot be done algebraically, thus
we do the following construction:

Definition 2. Denote by A, the associated complex analytic space of A. For a point
T € A, take a small neighborhood N; of T in the analytic topology. Put F = k= !N,
and let 20 = (W;) jc; be an open covering of F which is a refinement of the restriction
of U on F. Thus for any W; there is a V; D W, and we assign to W; the meromorphic
function g;, which is (the restriction of) the rational function f; assigned to V;, in the
definition of c}. We define v& e C'(2, OF) to be an analytic Cech cochain where

(V(;>|ij = 2_7;1,-11 log(gk/gj)'

Lemma 6. Taking N; and 20 to be sufficiently fine we can fix a branch of log(gi/g;)
on each Wi to make v& a Cech cocycle.
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Proof. Put p; € C'(20,08") to be (pg)|w, = g/g;- The Chern class of the line

bundle OF, (s — o) restricted to F can also be viewed as the image of pé under the
connecting map H' (F, 0®*) — H*(F,Z) induced from the exact sequence

0—-7Z— 0% s < SO0 0.

Now the line bundle is trivial for sufficiently small N; so the image of p/ is 0. Then
the lemma follows from the construction of the connecting map. U

Now we can put together v} and V! to define v = v} — v{, and v can be viewed
as an element in I'(N¢, OF! ® R'k,.C). The Gauss-Manin connection can be defined
parallelly in the analytic case, namely Dv = (—dVv} — 8v{) —dv) =cl — (6 +d)V) = u.
The construction of v is of course local for each 7 € A, however Dv glues to a global
algebraic cocycle u.

Letw e (A, K*QII:"A / ) be arelative 1-form of the first kind. View @ as an element
inT'(A, 04 ® R k,.C) and consider the cup product v — @ € T'(N¢, Z ®R*k,C). Since
the fibers of x are oriented manifolds of real dimension 2 we have a natural sheaf
isomorphism R%k,C = C, hence v — o can be viewed as an analytic function on N;.

Lemma 7. We have v — @ = [; ®. The ambiguity of the choice of an integral path
comes from the choice of branches of 10g(gx/g;) in Definition 2.

Proof. We argue on each fiber f C F of k. Denote the open covering 20U restricted to f
also by 2. Consider the bicomplex

d
clw, 7)) —4—

[o I

C(2,9}) —— (28,9}

where .@; are sheaves of currents of degree i. The sheaves @f" are fine, and it is known
that the de Rham complex with currents gives the de Rham cohomology, so the above
bicomplex also does. We can regard v - @, where (V - @)|w,, = 2_711 log(gi/g;)m, as
an element in C' (20, Qfl). Fix a cut line y on § from oNf to sN . Refine 2V if necessary,

we can find an element z € C' (QIT Z) such that 6z =0and (v - ®) — z0 = d G, where
o €02y, .@fl) and (0)|w,; = 2m log(g;)w, the branch of log(g;) is taken to be such
that the only discontlnumes of log(g;) are on the cut line 7y, and the differences of
values of log(g ;) between the two sides of y are just 27i. Then v -« @ is cohomologous
to z® — do, where z can be viewed as an element in H'(f,Z) which comes from the
choice of an integral path or a branch of log(gi/g;), and do is the differential of &
in the sense of a current. Take the fundamental class [f] of f we have —do([f]) =
- Jjpdo=— fa(f\y) 0 = [, ®, which proves the statement.

Putd = a 7> @ = <F and let Manin’s map u be defined by the Picard-Fuchs equation
Pdd+Pd+h w1th respect to @. Then using Lemma 7 we can apart d to each side
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of the cup product, while by definition we have (P,Dy Dy +PDy + Py)® =0, so
Jdt  IJt at

,u(s) = (PzDaiDai +P1Dai +PQ)(V — (J))
(o I

0
_Pz(D%vvD%w)—l—(PzE—&—Pl)(D%Vvw) (10)

=h(i-D;w)+ (1"2i +P) (i~ o)
ot ot
Note that, the cup product v —« @ does not depend on the choice of v? , thus is deter-
mined only by c}. So we can choose any u such that u ~ c} andueT(A, Q}4 ®R! K C),
in the calculation of pi(s). This is the merit to use relative 1-forms of the first kind; also
the reason for us to define the relation ‘~’.

Definition 3. Now we can define a C-linear map fi : Hlln-m (E,Q}?) @HO(E,Q%) —
C(t) as follows: for any ¢ € H;rim(Ev,Q]l?) o HOE, Q%), by Lemma 5 we can find a

i € (A, 04 ® R'k,.C) such that c|g, ~ dt Ad. Then we define

- . J .
f(c) = Py(t = Dy 0) + (P25 +P1) (i - ®).
t
This generalizes Manin’s map U, and provides a cohomological interpretation.

Recall that "1 (E) = 10n, h*%(E) =n—1. Let W C H"!(E) be the subspace
generated by “trivial algebraic cycles”, i.e. the 0-section, generic fiber, and all fiber
components which do not intersect the 0-section. We have an orthogonal decomposi-
tion H'"!(E) =W @ W+. The Mordell-Weil lattice of E is a lattice of an R-subspace of
Wg =W+NH?(E,R), and dimc W+ = 10n—2 Y, (my — 1) where m,, is the number
of fiber components and v runs over all (non-irreducible singular) fibers of E. (CE [19])

W N H),,(E,QL) is generated by fiber components while W C H),,,(E,QL).
We have fi(W ﬂH;rim(E , Q%)) = 0, because the line bundle (and thus its Chern class)

associated to a fiber component is trivial when restricted to Ex. So [i is essentially a
map from W+ & H*O(E) to C(r).

4 Proof of the main theorem

By an explicit calculation of the algebraic de Rham cohomology, we can get the image
of fi. The cohomology calculation is summarized in the following key lemma which
will be proved in §7:

Lemma 8 (Key Lemma). Regard @ = % as an element in T(A, Ox @ R'x,C). There
exists an 1 € T(A, Oy @ R'k.C) such that:

1. N o=4ri

2. The Gauss-Manin connection is
p. (M) = L (N —aA\ (n
s\o) " 1220\A A~ )\0)"
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3. For any p,q € Clt] and pe,q. € Clt™"], there exists u € F'H3,(E) such that
ulg, >~ dt Ao where

1A 1aA 12 - o
V=(—5 PP +an+ G5 r+lgPP—1"Pag—t" 2

= 4-)))0.

In this section, we use Lemma 8 to write down elements in Imfi, then by a dimen-
sion counting, we prove that Imii C C[¢] and i : W+ @ H>?(E) — C[t] is injective.
This together with Proposition 6 will imply the main theorem.

First, for a u as in 3. of Lemma 8, calculating by Definition 3 we get

1
2P0 = 5P pest ™" 2g) [A?+ p(p,7) MOD A%, (11)

Then we count the dimension of the vector space consisting of these elements.

Lemma 9. We have dimc B = degA — Y.y o0 (my — 1), where my is the number of fiber
components and V runs over all but the co-fiber of E.

Proof. This is proved by a local calculation. Put R = {p(p,q);p,q € CJt]}. For any
w € C, we have a natural map 7,, : C[t] — C[t]/((t —w)?>°"% ). Then by the Chinese
Remainder Theorem, dim¢ B =Y, dim¢ 7,,(R). Now fix a w € C, from Lemma 4 we
see that ord,,(P,p” + P p' + Pyp) can be any integer > ord,,(AA) — 2 except for

1. ordy, A—2 and 2ord,, A — 1, if the w-fiber is nonsingular (ord,, A = 0)
2. ord,,(AA) — 2, if the w-fiber is of type I, (m > 1)

On the other hand it is easy to check that ord,,(AAg’' — AN g+ %A’ Ag) can be any inte-

ger > ord,,(AA) — 1 except for 2ord,, A — 1 if the w-fiber is nonsingular (and ord,, A =
0). So

1. If the w-fiber is nonsingular, ord,, p(p, q) can be any integer > ord,, A — 1 except
for 2ord,, A — 1. So dim¢ 7,,(R) = ord,, A.

2. If the w-fiber is of type I,, (m > 1), ord,, p(p,q) can be any integer > ord,,(AA) —
1. In this case ord,, A = ord,, A — 1 and the number of w-fiber components m,, =
ord,, A, so indeed dim¢ ,,(R) = 0 = ord,, A — (m,, — 1).

3. Otherwise, ord,, p(p,q) can be any integer > ord,,(AA) — 2. In this case m,, =
ord,, A — 1, we see also dim¢ 7,,(R) = ord,, A — ord,, A+ 2 = ord,, A — (m,, — 1).

Now note that degA =Y, ord,, A so we are done. U
Lemma 10. Put T = {| 501" poo,t " 2gec) |3 oo, go € C[t7']}. Then

1. If the co-fiber is nonsigular, then dimc ' = degA —degA —n —2.

2. If the oo-fiber is of type I, (m > 1), then dimc I’ = degA —degA —n— 1.

3. Otherwise dimc ' = deg A —deg A —n.
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Proof. Similar to the proof of Lemma 9, using Lemma 3 instead of Lemma 4. O
Lemma 11. We have Imji C C[t] and ft : W+ @ H*(E) — C[t] is injective.

Proof. By Lemma 9, Lemma 10 and (11), we have already produced a sub vector
space of Imfl consisting of polynomials and whose dimension is dim¢ B +dimc " =
11n—3—Y, (my —1). Now since dimc(W+ @ H>*O(E)) = 11n—3 Y, (my — 1), all
elements in Imfl are already obtained and fi : W+ @ H>%(E) — C[t] is injective. [

Proof of Theorem 1. For s = (r,s) € E(C(t)), by Proposition 6 we can obtain J degr
from deg i (s), and by the arguments above we know that all the possible forms of
W (s) is of the form in (11). So all the possiblilities of %degr are known. To be more
precisely,

1. Since ¢ < 2degA — 1 so deg(AA) —c—2 > degA —degA —1 > 2n— 1, then
it does not matter for us to assume %degr > n. If degA = 12n we can further
assume %degr > 11n—degA — 1. Anyway by Proposition 6 we have %degr =
deg(AA) —deg pu(s) — 2. From (11) and the definition of ¢, we get deg 1 (s) > c.

2. We have fi(H*%(E)) = {IA?;1 € C[t],degl < n—2}, and elements of 1(W')
can be written as the form yA” + 8, where ¥ € " and 8 € B. Now

(a) Forc < j<2degA—1, we have
%degrzdeg(AA)*j*Z = degu(s) <j = y=0,degf <.
(b) For2degA+n—2 <k,
%degr > deg(AA) —k—2 = degu(s) <k = deg(yA?) <k.

Since the Mordell-Weil lattice is a lattice of an R-subspace of Wy, and fi : W- — C[t]
is injective, so the dimension estimates for subspaces of C|¢] implies rank estimates for
sublattices of the Mordell-Weil lattice. 0

5 Calculation of Cech cohomology

In this section I explain the method I used to calculate the Cech cohomology of a
coherent sheaf .%.

Let A be a noetherian ring, X C P, = ProjA[Xo,...,X,] a projective scheme, and
let 4L = (U;)o<i<r be the canonical open covering such that U; = {X; # 0}. To calculate
the Cech cohomology under this setup, we take a free resolution .% « §. in the form:

0—F — @ 0p(—nj) — - — P Opr (—n;) —0
i J
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(that it can be taken with length less than r is a consequence of Hilbert’s syzygy theo-
rem) and consider the bicomplex:

H’(PZ,SO) H’(P/",Sr)
CrW,F) —— C(4,50) (3,3,

I I
I I I

CO(U, F#) —— O, To) CO(U,3,)

It is well-known that if n > 1 we have H'(P/, Op,(—n)) =0for0<i<r—1, and

{XéO - XIr|l; < =1,Y1; = —n} (viewed as local sections on the open set Uy, ,) is a
basis of H'(P}, Op; (—n)), so by the routine argument on a bicomplex we get an iso-
morphism H'(X,.7) 2 h,_;(H"(P},3.)), however to practically use this to calculate
Hi(X,.7), i.e. to carry out the diagram chasing of the bicomplex, some remarks should
be made:

e It is a standard task to calculate the free resolution of a coherent sheaf on a
projective scheme, using grobner basis. (cf.[1], and also [3]) For the use in this
paper, free resolutions are explicitly given, however calculation with grobner
basis is still necessary to “pull back the row”, i.e. for a local section s which
satisfy ¢ (s) = 0, to find a local section 7 such that s = ¢ (7). Here ¢ denotes the
boundary map of the free resolution.

e In order to “pull back the column”, i.e. for a (p+ 1)-Cech coboundary B of the
sheaf Op; (—n), to find an a € CP (4L, Op; (—n)) such that o = f, the following

chain homotopy map ® : CP*! — C” can be used:

(PBo-kigsrip = (— 1) (Bok (s 1)igs 1,41

Here k+1 <ipyy < --- <ip <r, and if we write fy..xs+1)

ZC[O...[rXéO . ~Xrlr (where Cly-l, € A), then (ﬁO---k(k—}—l)ikH---il,)
the sum of such (cy,..;, X0 - X/)s that [; < —1 for all 0 < j < k and [, > 0.
Note that, restricted to every fixed Xé" .- X!, denoting the set {i|; > 0} by |I|,
this chain homotopy map P is just the chain homotopy map for the A-coefficient
complex of a simplex whose vertexes are labeled by the set |/|. The necessity to
use this @ is the reason why we should take the canonical open covering l in the
calculation.

ki iy 1D the form

k+1 means to take

e An experimental implementation using SINGULAR can be found at [21].

20



To deal with other open affine coverings, say, U = (V;) je;, define

Pq . . . .
= P F(U.i,NVj..j,)
0<ip<...<ip<r
jo<--<jq€J

then the bicomplex

cu,F) —— 0 . crs

T T T
T | T

cW,F) —— 00 cos
Cc'(v,.7) ... C5(,.7)

will relate C' (U,.%) with C'(U,.%). To actually perform the diagram chasing, all we
should know is a way to “pull back” the following type of exact sequences:

O—>M—>@M,O£>...—> @ Myyor, = ..

ro€l ro<..<rp€l

Here M is a finitely generated R-module where R is a finitely generated A-algebra. M,
etc. denote the localizations of M. I C R is a finite set endowed with a well-ordering
and the ideal generated by [/ is R. The pull-back can be done as follows. For a p-
coboundary 3 € @ My...,,, take m sufficiently large such that 7" (B)...r, € My..7...r,
forallrg <...<r,€landall0 <i< p. Then take a “division of the unity” 1 =Y ¢, 7"
and define o € EBM,O...,[F1 to be

o= Z Z (_1)icri(’i’n(ﬁ)ro-"rp)

ro<...<rp€l0<i<p

where (]"(B)r,.r,) is viewed as an element of M, . Thus we have oo = .

0T Tp

6 Free resolutions for hypersurfaces

Let A be a Cohen-Macaulay integral C-algebra, put P, = ProjA[Xo,...,X,], and let
X C P, be a hypersurface defined by a homogeneous polynomial f € A[Xy,...,X;] of
degree m. Assume that X is smooth over the generic point of SpecA. In this section we
will give an explicit free resolution of the sheaf Q.

Lemma 12 (Koszul Complex). Let xo,...,x, € B be a regular sequence for a ring B.
Define a complex K. by

p
k
KP = @ BeiO...,-p, d(eio...ip) = Z(—l) xikeionﬂmip

0<ip<--<ip<n k=0
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Then H;(K.) =0 fori>0and H_{(K.) = B/(x0,...,%n). If B is Cohen-Macaulay and
dimB—dimB/(xo,...,x,) =n—+1, then x,...,x, is a regular sequence.

Proof. cf. for example [15]. O

Notation 4. Let Q and Q' be the locally free sheaves on P/, defined by
r i
Q=P op, (—1)dXi, Q' = \Q.
k=0

Here dX; is a formal symbol.

Apply Lemma 12 to the ring A[Xy,...,X,] with regular sequence (Xy,...,X,), we
get the following exact sequence:

0<—ﬁp2<li§<li§2<—-~<—§.r+l<—0 (12)

Here the differential map 19 can be viewed as the inner product with the formal vector
field 6 = Xoaixo +--- +X,aixr (and thus the notation).

Lemma 13. Regard Qi,, aasa subsheaf of Qi then the following gives a free resolu-
A
; i
tion OfQPg/A'
OPQ;'/A }iﬁiﬂ }iﬁin(_m(_ﬁrﬂ —0
A

Proof. Ani-form o € Q' comes from Qi,, Ja> if and only if 19 ¢ = O (elementary calcu-
A
lation, or cf.[5, Prop.2.2]). So it follows immediately from (12). ]

Denote the quotient field of A by K. Since X is smooth over the generic point
of SpecA, we have dimK[Xo,...,Xr}/(a%of,...,ai&f) =0, so (aixofv“"aix,f) isa
regular sequence of A[Xp, ..., X;| assuming that A is Cohen-Macaulay. Apply Lemma
12 to this regular sequence we get that

QG ) L (—om) - (13)
is an exact sequence. Here the differential map can be viewed as the wedge product

with df = 3% fdXo+- -+ 3 fdX,.

—

= _9_ 0 )
L . X X X % ax; ) Pyl
SlmllarlysmceK[Y?,...,Z_,...,Y:]/(X%,Xm‘ll e T 7...,Xﬁil):OforaHOS
t i i i
el xS, %
i <r, we conclude that (X’"O’l R ,...,;ﬁ’;l) is a regular sequence of the ring
A[%’, e %, ey %]/(%) apply Lemma 12 to these and glue all i, we get the following

exact sequence:

dfn- _ dfA- _
Q4@ Ox L0yl @ Ox (—m) L3 @O (-om) — (4
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Here Qi, /4 is regarded as a subsheaf of Q. Note that if an i-form o € Q' satisfies
A

1pa =0, we have 1g(df Aa) =mfa =0 mod (f), so the differential map in (14) is
well-defined.

Lemma 14. The following is a free resolution for Q;'( a0
0 — O 22 G Y G20 B ) 2 G 0 61 (o) EL

Proof. Qi /a Can be viewed as the cokernel of the map Q! ® Oy (—m) oty Qi',/: a®

P’ /A
Oy, so the kernel of QQ/A

and df Ay (where o € Q2. B € Q! (—m), y € Q/(—m)). However by the formula
mfB =19(df NB)+df N1g we see that it is already generated by elements of the
form 1goc and df A y.

As for the kernel of Q! Q2 @ Qi (—m), assume that 1o +df AP =
0 (a € Q2 B e Qi(—m)). Then 0= —1gt90 = 1g(df AB) = mfB +df AgB =
df AgB mod (f), from the exactness of (14) we have a y € Q~2(—2m) such that
1B =df Ay mod (f), or 19 = df Ay+ 8 for some & € Q" 1(=2m). So 0 =
mfB+dfNigB=f-(mB+dfAS), thusmB+df A§=0,orf=—Ldf 5. Then
it follows that 19 = 0, so &t = 1M for some N € Q3 from (12).

Exactness elsewhere immediately follows from (12) and (13). O

&£ Qi1 is generated by elements of the form tpc, fJ

1g+dfA-
Pl

Notation 5. We denote the free resolution in Lemma 14 by Q;'( A R

When A = C, let jac(f) be the ideal of C[Xy, ..., X,] generated by 9‘9—){0, e a‘%, and
let V,, be the (m(p+ 1) — (r+1))-degree part of C[Xo, ..., X,]/jac(f), it is shown by
Griffiths[5] that there is an isomorphism V,, = H, ;;;;p "7(X) induced from the residue
map. On the other hand, using the free resolution in Notation 5 we can calculate that
H;;,L—p (X,Q%) is naturally dual to V,. (Note that, H;r_i,;_p (X,QF) is the same as
H™17P(X,QF) unless r is odd and p = “51; in this case, H"~177(X,QF) contains a
component H" (P(, Q! ), which is exactly the component generated by the hyperplane
section.)

For general cases, recall that from the morphism k : X — A we deduce a filtration

LD L' > .- D L of the sheaf Qi where:

L/Qk =Im(k* Q) © Q/ — Q)
and we have L/ /LI*! = x*Q) @ Q;_/A Now fix an A-free resolution Q} «— 2. of Q}
(i.e. for any k, B, is a free A-module), then B = /\j . is an A-free resolution of Q/ ,

and B’ ®, %' is a free resolution of k* Q,{x ® Q;/Q. Consider the following complex

E~PDB @R
j=0
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where ~ means that for any k we have & = @'_y(%’ ©4 %' /). and the differential
maps are also the same except that we should no longer regard the df in the differen-
tial maps of %'/ as a relative differential, but should also consider the partial deriva-
tives of f on the coordinates of the base A. Thus df will no longer be an element in
F(PA,Q( m)), but an element in F(PA,Q( m)) dT(A,Q}) @ T(P,, Op;, (m)), and we lift

it to a fixed element in [ (P, Q(m)) & (A, Bo) @ T(P}, Opr, (m)).
Then the differential maps of & will take (B @4 BN 10 (B @4 R )iy ®
(B @4 R i1, 50 & has afiltration L D L! O -+ O LI where:

L& ~ @e%’k Qu R
k=i

This filtration is compatible to the filtration L of the sheaf Qé(, and L/ / L+l = 3/ X4
%' is a free resolution of L/ /L/*!, so we conclude that & is a free resolution of Q.

7 Calculation on elliptic surfaces

Notation 6. Use Notation 2, and in addition
e PutV = SpecC[t] and V.. = SpecC[t~].
e PutP{ =ProjV[X,Y,Z] and P} = ProjVe.[Xe, Yoo, Zoo].

o LetEy C P%, be the (maybe singular) hypersurface defined by the homogeneous
polynomial Y2Z — 4X3 + 3aXZ? — bZ°.
e Let E., C P}_ be defined by Y2Z., — 4X2 + 300XeZ2, — boZ2,, Where doo,bos €
Clt™'] and de =t *"a, bo, =t~ %"b.
Ey and E.. glues via the relation X, = 72X Y =t 3"Y and Z., = Z. The minimal

proper regular model £ is a desingularization of EyU E.., we denote this desingulariza-
tionby £ : E = EgUE., — EgUE...

In this section we will prove Lemma 8. The element 1 € I'(A, 04 ® R'k,C) is
explicitly given as an element in C! (8, O, ) & CO(4, Q}EA), where {4 = {Ux,Uy,Uz}
and Uy = {X # 0} etc. Now 7 is defined by

bZ2 —l—aY on Uxy

n ="y +n7, where ng = —§ on Uxz
20%—4% on Uyz
and
L4+ 40a") & + (42— ah) F — fba? T Ja(§)
o = +(gb’ lba) +(—ybPa+za 4)7—§b a*£}d(x)) onUyx
1 (—6bX 3a ZZ)XdZ de on Uy.
i({—gbﬁ—2 2% +3bayd(y) + {205 +a*L}d(%)) on Uy
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For the calculation of 1. 2. of Lemma 8 (and of course the fact that 1 is indeed
a relative cocycle), please consult [21]. Here we only represent the construction of
u € F'HZ,(E) in 3. of Lemma 8.

Lemma 15. We can extend €*(dt A1) to a cocycle in C' (4, ng) OOy, Q%O)

Proof. The desingularization € is achieved by a series of blow-ups. So it is obvious that
e*né is well-defined on Ey. As for n?, it can be easily checked by hand that dt A n?
extends to every nonsingular point of Ey, for example on Uy we have

1, 4 x> 2 2X Y. X x
—({——p—_Z 2 — —)) = 2=
L30T 2+ by () + {2yt LS ) e

the i factor is canceled. Then €*(df An) may only have poles on those fiber com-
ponents disjoint to the 0-section. These fiber components, denoted by C;, are rational
curves with self-intersection C52 = —2. By an induction using such exact sequences in
the form

k k
0— Q%O(Zn,-c,») — Q}Z::O((no +1)Co+ Zn,-cl-) — ﬁCO(M) —0
i=0 i=1

while keeping the number M = Zé‘:] n;Cy.C; —2(ng + 1) < —1 (this can be done be-
cause the configurations of those fiber components disjoint to the O-section are trees),
we can conclude the injectivity of the natural map HO(Q%()) — HO(Q%() (Xn;C;)) for

sufficiently large n;. Which means that any meromorphic section of 9123"0 with only

possible poles on C;s is always holomorphic. Hence €*(dt A n?) can be extended to
oy, Q%E,O) and we are done. O

We will need another cocycle o € C' (4, Q}EO) o CO(Y, 91250) defined by

b Zdi +3aX4Z 24X on Uy
a=al +a), where a] = 2% on Uyz
—3d'4dt+12%d(%) onUyz

and
(— lb’Z —I—la’Z)YdZXZdY/\dt—an)Z(d( )/\zd(%) on Uy
of — (9ba’ —6b'a )ﬁd(y)/\dH—(le’ —9ad' %)d(§) Ndt .
+(36b% — 18a*£)d(X) nd(%) on Uy
0 on Uy

Consider the transformation X — p2X ,Y — p3Y ,Z—Z,a— p4a and b — p6b, for
some polynomial p. Under this transformation we can calculate that 0511 — pall —
6p'nd Adt and o — pald —6p'6 Adt, where

2 2
) Ebz YdZXZZdY de(%) %a%d(%) on Uy
91 — ( 6b);)XdZY ZdX on Uy .
0 on Uy
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So obviously (pat! —6p'nt Adt)+ (pald —6p'6 Adt) is also a cocycle.

Notation 7. For p,q € C(t), define & (p,q) = (pa} —6p'nd Adt+qnd Adt) + (pald —
6p'00 Adt +qn° Adr).

We can paral]e]ly define & and verify that & (pes, Goo) = E (17" Pooy —t " 2qus).
Notation 8. Put v = and O =wAdt.

We also need cochains v, y, € CO(4, Q}EO) where

{4 ba——f 2 vbytd(%) - {4ba—f— +bx}d(§)
+{3 b’ Wf%a ’YZ +3 b’ ZYdt on Uy

V=21 {— 18ba’xz+6bb’x3 +2b/;‘}dt {36ba’; — 186X }d(%)
+{36ba’%s 18b222+12b}d( ) on Uy
4%d(L) - 6Y d(%) on Uz

and
b’ Y3 +4aa'YZ}dt {1 ba——Za X}d(%)

—|—{ ba——ja X}d( ) i on Uy

v, = {36a3XZ—18ba2Z +12a2}d( ) — {36435 —18ba”3£}d (%)
—{18d%a ’XZ —6ba ZXZ —3ad' X }dt on Uy
—3d'Ydt — (S’Z‘ 4a)d( )+12XYd( ) on Uy

Regard the Cech complex of Q;; on the minimal proper regular model £ as the
bicomplex € (E, QiE~):

C'(ﬂ,QiEO)EBC'(ﬂm,Q% ) = C (4N Yoo, Q’E i)

where iloo = {UXmaUszUZm}’, ﬂﬂﬂm = {UXXWUYYWUZZN}» UXXDG = UX ﬂUXx and
Ux,, = {X. # 0} etc.

Definition 4. Fix p,q € C[t] and pe.,qe € C[t7!]. Put g=p—t"p. and h = q —
t7"2q.,. Assume that g and & — 6¢’ are divisible by A, and take &, 7 € C[t,#~!] to be

such that
a b\ (o) g
3d v)\t) \h-6¢)"
Then we define u € F'H3,(E) as

u=(E—r|@)® (Cut(r—|r))®)© (cy.+ 1Y)

where & = &(p,q), & = &walPoos —Geo) = & (17" Pt " 2qe0) and r = — 13 p(g, ).

Lemma 16. The cocycle u in Definition 4 is well-defined.
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Proof. Since det (32;’, f/) = %A and we have assumed that g, h — 6g’ are divisible by A,

the 6,7 € Ct,t~!] can be actually taken. Note the identity

21 12
—6bo’ — 6a*1T —5b o — jaa’r = —pp(sn h),

so we have r € C[t,t~']. Now &*(£ — |r]®) extends to an element in C' (4, Q}%) ®
Oy, Q%O) meanwhile &*(& + (r — | r])®) extends to an element in C' (4, Qf ) @
CO(Uer, Q% ), and €% (oW, + TY) € CO(UN Yoo, QL

EoNE
should check that & — €. —r®d = (6 +d) (oW, + ’L’l[lb) This is obtained from the fol-

lowing facts:

). For u to be a cocycle, we

Sy, = aaj + %a/ng Adt (15)

Sy, = baj +b'ni Ndt (16)

dy, :aa§+—a n Adt —6d'00 Adt +5b' @ (17

dy, = bad +7b'n) /\dt—6b'9?Adt+%aa’(b (18)

dt ANy, = 6an? Adt —6a6? A dt +6b@d (19)

dt Ny, = 6bnY Adt — 6b8) A dt + 64> @ (20)

And these formulae above are checked by a computer (cf. [21]). O

Lemma 17. Let u be as in Definition 4. Then u|g, ~ v Adt where

LA 1aA
U:(_EKP 6p' ‘H])TI?L(**P Lr]) .
Proof. At first we have u|g, ~ & — |r]®. Then put y = & (a>y, — by},) and calculate
1A 1 aA
§—(6+d)(py) = (=5 p—6P +q)nAdt+§Xpw

so we are done. ]

Finally note that in the above arguments we can always replace p. and g.. by
Poo + oo and Goo + Ao, With deg {. and deg A, sufficiently small, to make g and h — 6g’
divisible by A. This will not affect the expression of v. So the assumption that g and
h— 6g’ are divisible by A in Definition 4 is not essential, we have proved 3. of Lemma
8.
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